ELLIPTIC PROBLEMS AND HORMANDER SPACES 



VLADIMIR A. MIKHAILETS AND ALEKSANDR A. MURACH 



Abstract. The paper gives a survey of the modern results on elliptic problems on the 
Hormander function spaces. More precisely, elliptic problems are studied on a Hilbert scale 
of the isotropic Hormander spaces parametrized by a real number and a function slowly 
varying at +00 in the Karamata sense. This refined scale is finer than the Sobolev scale and 
is closed with respect to the interpolation with a function parameter. The Fredholm property 
of elliptic operators and eUiptic boundary-value problems is preserved for this scale. A local 
refined smoothness of the eUiptic problem solution is studied. An abstract construction 
of classes of function spaces in which the elliptic problem is a Fredholm one is found. In 
particular, some generalizations of the Lions-Magenes theorems are given. 



0. Introduction 

The paper gives a survey of the modern results [32-49] devoted to elhptic problems on the 
Hilbert scale of the isotropic Hormander spaces 

H^,^:=H^-r^i(-y\ {0:={l + \ef'. (0.1) 

Here s G M and (p is a functional parameter slowly varying at +00 in the Karamata sense. In 
particular, every standard function 

^(t) = (logty^iiogiogty^ . . . (log. . . logt)^^ t » i, 

{ri,r2, . . . ,rfc} C M, A; G Z+, 

is admissible. This scale contains the Sobolev scale {-ff*} = {H'^'^}, is attached to it by the 
number parameter s, and much finer than {i?^}. 

Spaces of form (1) arise naturally in different spectral problems: convergence of spectral 
expansions of self-adjoint elliptic operators almost everywhere, in the norm of the spaces 
Lp with p > 2 OT C (see survey [6]); spectral asymptotics of general self-adjoint elliptic 
operators in a bounded domain, the Weyl formula, a sharp estimate of the remainder in it 
(see [30, 31]) and others. They may be expected to be useful in other "fine" questions. Due 
to their interpolation properties, the spaces if'^''^ occupy a special position among the spaces 
of a generalized smoothness, which are actively investigated and used today (see survey [23], 
recent articles [19, 14] and the bibliography given therein). 

The paper consists of six sections. In Section 1 the refined scale of the Hormander spaces 
(0.1) is introduced and studied. In particular, important interpolation properties of this scale 
are under investigation. In Section 2 an elliptic pseudodifferential operator on the refined 
scale on a closed compact smooth manifold is considered. We show that this operator is a 
Fredholm one and establishes a collection of isomorphisms on the two-sided refined scale. 
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The local refined smoothness of a solution to the elliptic equation is studied. We also give an 
equivalent definition of the refined scale on the closed manifold by means of certain functions 
of a positive elliptic operator. 

Next we study a regular elliptic boundary problem on a bounded Euclidean domain with 
the smooth boundary. In Section 3 we show that the operator of this problem is a Fredholm 
one on the upper part of the refined scale. A local refined smoothness up to the boundary of a 
solution to the problem is studied. As an important application, we give a sufficient condition 
for the solution to be classical. Section 4 is devoted to semihomogeneous elliptic boundary 
problems. We show that these problems are Fredholm on the two-sided refined scales. 

Since the operator of the general nonhomogeneous boundary problem cannot be defined 
correctly on the lower part of the refined scale, we consider in Section 5 a special modified 
refined scale on which the operator is well-defined, bounded, and Fredholm everywhere. This 
modification depends solely on the order of the problem, so that the theorem on the Fredholm 
property is generic for the class of elliptic problems having the same order. 

The last Section 6 is devoted to some individual theorems on the Fredholm property. We 
give an abstract construction of classes of function spaces on which the elliptic problem op- 
erator is a Fredholm one. A characteristic feature of this construction is that the domain of 
the operator depends on coefficients of the elliptic expression. So, we have the individual the- 
orems on the Fredholm property. As an important application, we give some generalizations 
of the known Lions-Magenes theorems. 



Let us denote by A4 the set of all functions ip : [1, -|-oo) (0, -|-oo) such that: 

a) ip is a Borel measurable function; 

b) the functions ip and l/(p are bounded on every closed interval [1, b], where 1 < 6 < +oo; 

c) (/? is a slowly varying function at -|-oo in the Karamata sense (see [61, Sec. 1.1]), i.e. 



Let s e IR and (p e M. We denote by H^''^{W^) the space of all tempered distributions w 
on the Euclidean space such that the Fourier transform (u of the distribution w is a locally 
Lebesgue integrable on function which satisfies the condition 



Here (^) = {1 + $,1 + . . . + ClY^^ is the smoothed modulus of a vector ^ = (^i, . . . , e M". 
An inner product in the space H*''''(M") is defined by the formula 



The inner product induces the norm in H*''*'(R") in the usual way. Note that we consider 
distributions which are antilinear functionals on the space of test fimctions. 

The space i/*'''^(]R") is a special isotropic Hilbert case of the spaces introduced and inves- 
tigated by L. Hormander [20, Sec. 2.2], [21, Sec. 10.1] and the different spaces studied by 
L. R. Volevich and B. P. Paneah [65, Sec. 2], [53, Sec. 1.4.2]. In the simplest case where 



1. A REFINED SCALE OF HORMANDER SPACES 



lim ip{\t) / ip{t) = 1 for each A > 0. 
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if{-) = 1, the space i7*''^(M'*) coincides with the Sobolev space i7*(]R"). The inclusions 

£>0 £>0 

imply that in the set of separable Hilbert spaces 

{H'^'P{W):seR,ifeM}, (1.1) 

the functional parameter (p defines an additional (subpower) smoothness with respect to 
the basic (power) s-smoothness. Otherwise speaking, cp refines the power smoothness s. 
Therefore, the collection of spaces (1.1) is naturally called the refined scale over (with 
respect to the Sobolev scale). 

We are going to study an application of the refined scale to elliptic boundary problems in 
a bounded domain C R". Therefore, we need to have the refined scales over the domain ft 
and over its boundary dQ. The refined scale over the closed domain Q := Q U dfl is also of 
use. We construct these scales from (1.1) in the standard way. 

Let us denote 

H^'^^iQ) := {u = w \Q: w e H''^{W)}, 

II '^J' Wn'^'^in) '■= inf { || w ||i^s,,^(Kn) : w G H'^''^{R"'), w = u in }. 
The norm in the space H^''^{fl) is induced by the inner product 

Here Wj G H^''^{M."'), Wj — Uj in Q, for j = 1, 2, and 11 is the orthogonal projector of the 
space //"'"^(R") onto the subspace {w G H'''^{W) : supply C R" \ fl}. The space H'''^{fl) is 
a separable Hilbert one. 
We also denote 

H^^{W') := {w G H''^{W') : suppw C H}. 

This space is a separable Hilbert one with respect to the inner product in the space i/''''^(R"). 

Thus the space H^''^{Q,) consists of the distributions given in the open domain ft, whereas 
the space iJ^'^(R") consists of the distributions supported on the closed domain Q. The 
collections of Hilbert spaces 

{H^'^^in) :sem,(peM} and {Hfi'^{W) :seR,(peM} (1.2) 

are called the refined scales over Q and over fl respectively. 

The boundary dfl is assumed to possess an infinitely smooth field of unit vectors of normals. 
So, dQ is a particular case of a compact closed infinitely smooth manifold. Let us define the 
refined scale over a closed infinitely smooth manifold T of an arbitrary dimension n. 

We choose a finite atlas from the C°°-structure on the manifold F consisting of the local 
charts aj : R" <-> Uj, j — l,...,r. Here the open sets Uj form the finite covering of the 
manifold T. Let functions Xj ^ C°°(r), j — 1, . . . ,r, form a partition of unity on F satisfying 
the condition suppxj C Uj. 

We set 

H''-^{T) := {h G D'(F) : (xjh) o aj G H'^'^{W") V j = 1, . . . , r} . 

Here, as usual, ^''(F) is the topological space of all distributions on F, and (Xjh) o is the 
representation of the distribution Xjh in the local chart aj. The inner product in the space 
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H^''^{r) is defined by the formula 

r 

{hi, h2)H-'.'p(r) ■■= ^ iiXjhi) o aj, {xM) ° aj)H'^v{9.--) 
j=i 

and induces the norm in the usual way. 

The Hilbert space H^''^(r) is separable and does not depend (up to equivalence of norms) 
on the choice of the atlas and the partition of unity. The collection of function spaces 

{H^'^^ir) ■.seR,ifieM} (1.3) 

is called the refined scale over the manifold F. Specifically, we need the refined scale of spaces 

We note the following properties of the refined scales: 

Theorem 1.1. Let s G M and Lp.ipi E Ai. The following assertions are true: 

(i) The set C°^{Tl) is dense m the space i/"''^"(Q). 

(ii) The set C^{^1) := {w G C°°(M'^) : suppw C Q} is dense in the space H^'^{W). 

(iii) // |>s| < 1/2, then the mapping w ^ w \ n establishes a topological isomorphism from 
Hli'^{W) onto H''^(n). 

(iv) For each £ > the compact and dense emheddings hold: 

//^+^.<^i(Q) ^ H'^^{Q), H^'^'^^W) ^ Hfi'^iW). (1.4) 

(v) Suppose that the function (p/(fii is bounded in a neighborhood 0/+00. Then continuous 
dense embeddings (1.4) are valid for e — 0. They are compact if (p{t) / (pi{t) — > as 
t +00. 

(vi) For every fixed integer k > the inequality 

/ < 00 1.5 

is equivalent to the embedding iJ'^+"/^''^(r2) ^ C^(r2). This embedding is compact. 

(vii) The spaces H'^''^{Q) and i7^*'^'''^(M") are mutually dual with respect to the inner prod- 
uct in L2{^). 

(viii) The mapping u ^ u \ dil, u G C°°(Q), is extended by a continuity to the bounded 
trace operator from H^''^{Q) onto H^~^/'^''^{dQ), provided that s > 1/2. 

Assertions (iv) - (vi) show that the refined scale is much finer than the classical Sobolev 
scale (the case oi ip = ipi = 1). Note also that ip E M. 1/ip G M., so the space H^^'^^'^(Mr-) 
in assertion (vii) is defined as an element of the refined scale. 

Theorem 1.2. Let s eR and (p,(pi e M. Then: 

(i) Assertions (i) and (iv) - (vi) of Theorem 1.1 hold true if we replace both the notations 
(n) and{n) with (F). 

(ii) The spaces //''''^(F) and H''^'^^'^(T) are mutually dual (up to equivalence of norms) 
with respect to the inner product in the space L2{T,dx), where dx is a C°°-smooth 
density on F. 

The refined scale of spaces (1.1), (1-2), and (1.3) were introduced and investigated by 
authors in [32, 34, 39]. Theorems 1.1, 1.2 were proved in [34, Theorem 3.6] and [39, Theorem 
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4.2]. All assertions of these theorems, except (iii), follow from the properties of Hormander 
spaces [20, Sec. 2.2], [21, Sec. 10.1] (see also [65, Sec. 2], [53, Sec. 1.4.2]). 

The refined scale possesses the interpolation property which selects the scale from among 
the spaces of generalized smoothness. Namely, every space of this scale is obtained by the 
interpolation, with an appropriate function parameter, of a couple of the Sobolev spaces. We 
recall the definition of such an interpolation in the case of general separable Hilbert spaces. 

Let an ordered couple X := [Xo,Xi] of complex Hilbert spaces Xq and Xi be such that 
these spaces are separable and the continuous dense embedding Xi ^ Xq holds true. We 
call this couple admissible. For the couple X there exists an isometric isomorphism J : 
Xi ^ Xq such that J is a self-adjoint positive operator in the space Xq with the domain 
Xi. This operator is uniquely determined by the couple X. Let a Borel measurable function 
ip : (0, +oo) (0, +oo) be given. We denote by [Xq, Xi]^ or simply by X^ the domain of the 
operator ip{J) endowed with the graphics inner product and the corresponding norm: 

{u, v)x^ ■■= {u, v)x, + {^iJ)u, i/j{J)v)xo, II « \\x^ = {u, u)][^. 

The space X^,. is a separable Hilbert one. 

The function ip is called an interpolation parameter if the following condition is fulfilled for 
all admissible couples X = [Xo,Xi], Y — \Yo,Yi\ of Hilbert spaces and an arbitrary linear 
mapping T given on Xq: if the restriction of the mapping T to the space Xj is a bounded 
operator T : Xj ^ Yj for each j = 0, 1, then the restriction of the mapping T to the space 
X^ is also a bounded operator T : X^ — > Y^. 

Theorem 1.3. Let a function ip & Ai and positive numbers e, S be given. We set 

^jj(t) := ip{t^/^'+^^) for t>l and — for 0<t<l. 

Then the function ip is an interpolation parameter and, for each s e R, the following equalities 
of spaces with equivalence of norms in them are true: 

[H'-''\G), H'+^'\G)]^ = H^'^^iG) for G e {W, Q, L}, 

The refined scale is closed with respect to the interpolation with a function parameter 
ipit) := t^xif) where < 6* < 1, whereas x(^) is a Borel measurable positive function slowly 
varying at +00. 

Theorem 1.4. Let so,si G M, sq < si, and fQ.fi G M.. In the case where sq = si we 
suppose that the function (po/(pi is bounded in a neighborhood 0/+00. Let a Borel measurable 
function ip : (0, +00) — ^ (0, +00) is of the form ip{t) := t^xit); where < ^ < 1 and x{t) is 
a function slowly varying at +00. Then ijj is an interpolation parameter, and the following 
equalities of spaces with equivalence of norms in them are true: 

[H'°''^°{G),H''''^'{G)]^^ H^'^^iG) for G'e{R",Q,r}, 

Here s :— {1 — 9)sq + 9si, and the function ip & A4 is given by the formula 
^{t) := ^l-\t) ^\{t) X {t''-'°Mt)/Mt)) for t > 1. 
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The interpolation of general Hilbert spaces with a function parameter was studied in [15, 
12, 54, 40]. The class of all interpolation parameters was described in [54] (see also [40, 
Theorem 2.7]). Theorem 1.3 was proved in [34, Theorems 3.1, 3.5] and [39, Theorem 4.1]. 
Theorem 1.4 was proved in [40, Theorem 3.7] for the refined scale over F (the proof for the 
scales (1.1) and (1.2) is analogous). Various normed spaces of generalized smoothness over 
M" were studied by means of the interpolation with a function parameter in [29, 11]. 

2. An elliptic operator on a closed manifold 

We recall that F is a closed (compact and without a boundary) infinitely smooth manifold 
of an arbitrary dimension n > 1 and a certain C°°-density dx is defined on F. We interpret 
V'{T) as a space antidual to C°°(T) with respect to the extension of the inner product in 
L2(r,dx) by continuity. This extension is denoted by {f,w)r for / G T>'(T), w G C°°{T). 

Let A he a classical (polyhomogeneous) pseudodifferential operator on F of an arbitrary 
order r G R. The complete symbol of A is an infinitely smooth complex-valued function on 
the cotangent bundle T*F. We assume that pseudodifferential operator A is elliptic on F. 

The mapping u ^-^ Au is a linear continuous operator on the space V'{r). We will investigate 
the restriction of this operator to spaces of the refined scale over F. 

Let us denote by A'^ a pseudodifferential operator formally adjoint to A with respect to 
the sesquilinear form (•, •)r. Since both A and A'^ are elliptic on F, both the spaces 

N:^{ue C°°(F) : Au^O on r}, N+ := {v G C°°(F) : A+v = on F} 

are finite-dimensional. 

Let us recall the following: a linear bounded operator T : X ^ Y is called a Fredholm 
one if its kernel is finite-dimensional and its range T{X) is closed in the space Y and has the 
finite codimension therein. Here X and Y are Hilbert spaces. The Fredholm operator T has 
the finite index indT := dimkerT — dim(y/ T{X)). 

Theorem 2.1. A restriction of the mapping u h- > Au, u G V{T), establishes the linear 
bounded operator 

A : H^'^^iT) H'-'^''^{T) for each s G R, ^ e M. (2.1) 
This operator is a Fredholm one, has the kernel N and the range 

{f e H^-^^^T) : {f,v)r = V v e 
The index of the operator (2.1) is equal to dim A'^ — dim A^"*" and does not depend on s and ip. 

Theorem 2.2. For arbitrarily chosen parameters s G R, </? G Ai, and a < s, the following 
a priori estimate holds true: 

\\u\\h'':v(t) < c ( ||74xi||/^s-r-,<^>(r) + ||ti||ij<^.v(r) ) V w G i?*''^(F). 
Here the number c > does not depend on u. 

If the spaces A^ and A"+ are trivial, then the operator (2.1) is a topological isomorphism. 
Generally, it is convenient to construct the isomorphism with the help of two projectors. Let 
us decompose the spaces from (2.1) into the following direct sums of (closed) subspaces: 

H''^{T) ^N + {ue H'''^(r) : {u,w)r^O V w e N}, 

H'-'^'^ir) ^N+ + {fe H'-'-''^{r) {f,v)r^o y v e n+}. 
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We denote by P and P+ respectively the projectors of these spaces on the second terms in 
the sums in parallel to the first terms. The projectors do not depend on s, (/?. 

Theorem 2.3. Let s G K and (p E A4. The restriction of the operator (2.1) to the subspace 
P{H''''^{r)) establishes the topological isomorphism 

A : P{H''^{r)) ^ P+(i7^-"'^(r)). 

Theorems 2.1-2.3 were proved in [48, Sec. 4]. They specify, with regard to the refined scale, 
the known theorems on properties of an elliptic pseudodifferential operator on the Sobolev 
scale (see [22, Theorem 19.2.1] or [4, Theorems 2.3.3, 2.3.12]). Xote that the boundedness 
of the operator (2.1) holds true without the assumption about ellipticity of A. If dimF > 2, 
then the index of operator (2.1) is equal to zero [7], [4, Sec. 2.3 f]. In the case where 
dimF = 1, the index can be nonzero. There is a class of elliptic operators depending on a 
complex parameter (so called parameter elliptic operators) such that N — N'^ — {0} for all 
values of the parameter sufficiently large in modulus [4, Sec. 4.1]. Moreover for a solution 
to a parameter elliptic equation, a certain two-sided a priory estimate holds with constants 
independent of the parameter. Such an estimate was obtained for the refined scale in [48, 
Theorem 6.1]. The analogs of Theorems 2.1-2.3 for different types of elliptic matrix operators 
were proved in [46, 49, 42]. 

Let us study a local smoothness of an elliptic equation solution in the refined scale. Let Fq 
be an nonempty open set on the manifold F. We denote 

^ir(ro) := {/ G V\T) : X / G H^'^i^) V x G C°°(F), supp x C Fo}. 

Theorem 2.4. Let u G ^''(F) be a solution to the equation Au — f onVg with f G i?i^'^(Fo) 
for some s G M and cp G A4. Then u G Hl^J'^^iTQ). 

This theorem and the analog of Theorem 1.1 (vi) for the refined scale over F imply the 
following sufficient condition for a solution u to have continuous derivatives of a prescribed 
order. 

Theorem 2.5. Let u G T>'{V) be a solution to the equation Au — f on Fq, where f G 
HioJ'^"^'^''^{ro) for a certain integer k > and a function parameter (p satisfying inequality 
(1.5). Thenue C"=(Fo). 

Theorems 2.4 and 2.5 were proved in [48, Sec. 5]. Theorem 2.5 shows an advantage of 
the refined scale over the Sobolev scale when a classical smoothness of a solution is under 
investigation. Indeed, if we restrict ourselves to the case of (/? = 1, we have to replace the 
condition / G i/]^^'^^"^^''^(Fo) with the condition / G i/]^p'^^^"''^'^(Fo) for some e > 0. The 
last condition is far stronger than previous one. The analogs of Theorems 2.4 and 2.5 for 
elliptic matrix operators were proved in [46, 49, 42]. A local regularity of an elliptic system 
solution in the Sobolev scale was investigated in [20, Sec. 10.6]. We also note that, in 
the Hormander spaces, regularity properties of solutions to hypoelliptic partial differential 
equations with constant coefficients were studied in [20, Ch. IV], [21, Ch. 11] 

At the end of this section we give, with the help of A, an alternative and equivalent definition 
of the refined scale over the closed manifold F. 

Let us assume that ordA = r > and that the operator A : C°°{T) — > C°°(F) is positive 
in the space I/2(r, dx). We denote by Aq the closure of this operator in I/2(r, dx). Let s G M, 
(p G M, and 

ips,r{t) := f ^Xt^/'') for i > 1 and ips,r{t) := ^(1) for 0<t<l. 
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The operator (fs,r{Ao) is regarded in L2{r,dx) as the Borel function (fs,r of the self-adjoint 
operator Aq. 

Theorem 2.6. For arbitrary s G M and ip E Ai, the space H'^''^{r) coincides with the com- 
pletion of the set of all functions u G C°°(r) with respect to the norm \\^ps,r{A.Q)u\\L2{T), which 
is equivalent to the norm \\u\\h=,v{t)- 

An important example of the operator A mentioned above is the operator 1 — Ar, where 
Ar is the Beltrami-Laplace operator on the Riemannian manifold F (then r — 2). 

Theorem 2.6 was proved in [40, Sec 3.8]. For equivalent definition of the Sobolev scale over 
F, the powers of Aq is used instead of the regular varying function (see [4, Sec 5.3]). 

3. An elliptic boundary problem on the one-sided scale 

Let us recall that is a bounded domain in M", were n > 2, and that its boundary dVL is a 
closed infinitely smooth manifold of the dimension n — 1. We consider the nonhomogeneous 
boundary problem in the domain Q: 

Lu=Y^ l^D^u^f in n, (3.1) 
ImI<2« 

BjU= ^ D^u = Qj on dQ, j = 1, . . . , q. (3.2) 

\n\<mj 

Here L and Bj are linear partial differential expressions with complex-valued coefficients 
G C°°{Q) and bj^^ G C°°((9n). We suppose that ordL = 2q is an even positive number 

and ord Bj = ruj < 2q — 1 for all j = 1, . . . , q. Let m := max {mi, . . . , rUq}. 

In what follows the boundary problem (3.1), (3.2) is assumed to be regular elliptic. It 

means that the expression L is proper elliptic in Q, and the system B :— {Bi, . . . , Bg) of the 

boundary expressions is normal and satisfies the complementing condition with respect to L 

on dQ (see [27], [63, Sec. 5.2.1]). It follows from the condition of normality that all numbers 

rUj, j = 1, . . . ,q, are distinct. 

We will investigate the mapping u i— > {Lu, Bu) in appropriate spaces of the refined scales. 

To describe the range of this mapping, we consider the boundary problem 

L'^v — uj in Q, (3-3) 
B+v = hj on dn, j = 1, . . . , g, (3.4) 
formally adjoint to the problem (3.1), (3.2) with respect to the Green formula 
5 q 
(Lti,^;)n + ^ (S,-ii, Cfv)au = (li, L+t;)^ + (C,-ii, Bjv)^^, u,v G C°°{U). (3.5) 
j=i j=i 

Here L+ is the linear differential expression formally adjoint to L. and {B^}, {Cj}, {Cj'} 
are some normal systems of linear differential boundary expressions. Their coefficients are 
infinitely smooth, and their orders satisfy the equalities 

ordL^ = 2q, ord Bj + ordC^^ = ordCj + ord 5^ = 2g — 1. 

We denote := oidB^ . In (3.5) and bellow, the notations {■.■)n and (•, ■)an stand for the 
inner products in the spaces L2{fl) and L2{dfl) respectively, and also denote the extensions 
by continuity of these products. 
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We set 

J\f:^{u& C°°{n) : Lu ^0 in n, Bju = on dQ V j^l,...,q}, 

X+ := {v e C°°(n) : L+v^O in Q, B+v = on dQ V j^l,...,q}. 

Since both the problems (3.1), (3.2) and (3.3), (3.4) are regular elliptic, both the spaces J\f 
and Af'^ are finite dimensional. 

Theorem 3.1. Let s > ■m + 1/2 and (f e M.. The mapping 

{L,B) : {Lu,Biu,...,Bgu), ueC^iU), (3.6) 

is extended by a continuity to the bounded linear operator 

q 

{L, B) : //^'<^(Q) ^ //^-29''^(Q) © //^-"^^-V2,'^(9Q) ^. 7i,,^(Q, ^Q). (3.7) 

i=i 

T/iis operator is a Fredholm one. Its kernel coincides with M , and its range is equal to the set 

q 

{{f,gi,...,gg)ensA^,dQ): {f,v)n + J2{9j,C+v)an = V veAf+j. (3.8) 

The index of the operator (3.7) is equal to dim A/" — dim A/'"'" and does not depend on s, (p. 

In this theorem and in the next theorems of the section, the condition s > m + 1/2 is 
essential. Indeed, if s < rrij + 1/2 for some j — l,...,q, then the mapping u — > BjU, 
u G C°°(Q), can not be extended to the continuous linear operator Bj : H'^''^{Q) — > T>'{dQ). 
Thus the operator (3.6) is correctly defined on the upper refined one-sided scale 

{//"''^(Q) : s > m + 1/2, ^ e M }. 

Hence the left-hand sides of equations (3.1), (3.2) is defined for each u G H^''^{fl) with 
s > m + 1/2, whereas these equations are understood in the theory of distributions. 

Theorem 3.2. For arbitrarily chosen parameters s > m + 1/2, ip G A4, and a < s, the 
following a priori estimate holds true: 

\\u\\H^''fi{n) < c ( ||(L, B)u\\n,^^{n,dn) + \\u\\m'f{n) ) V G i?^''^(Q). 
Here the number c > does not depend on u. 

If the spaces J\f and jV"*" are trivial, then the operator (3.7) is a topological isomorphism. 
In general, we can get the isomorphism with the help of two projectors. Let the spaces in 
which the operator (3.7) acts be decomposed into the following direct sums of subspaces: 

HsA^^ dn)^{{v,0,...,0):ve Af+} + (3.8). 

We denote by V and respectively the projectors of these spaces on the second terms in 
the sums in parallel to the first terms. The projectors are independent of s and (f. 

Theorem 3.3. Let s > m + 1/2 and (p G M.. The restriction of the operator (3.7) to the 
subspace V{H^''^{0)) establishes the topological isomorphism 

iL,B) : ViH^'^'in)) ^ Q+(K,^(Q,9Q)). 
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Theorems 3.1-3.3 were proved in [34, Sec. 4]. The boundedness of the operator (3.7) 
holds true without the assumption that the boundary problem (3.1), (3.2) is elliptic. In the 
paper [62] this problem was studied in a different scale of the Hormander spaces (also called a 
refined one). Theorems 3.1-3.3 specify, with regard to the refined scale, the known theorems 
on properties of an elliptic boundary problem in the Sobolev one-sided scale (see [1, Ch. V], 
[27, Ch. 2, Sec. 5.4], [22, Ch. 20], [5, Sec 2, 4]). The analogs of Theorems 3.1-3.3 are valid 
for nonregular elliptic boundary problems [34] and for elliptic problems for systems of partial 
differential equations [47]. The case where the boundary operators have distinct orders on 
different connected components of the domain was considered especially in [45]. There is a 
class of elliptic boundary problems depending on a parameter A G C such that N = Af^ = {0} 
for |A| 3> 1, and hence the index of the corresponding operator is equal to for all A (see 
[2, 3], [5, Sec. 3]). For a solution to such a parameter elliptic problem, a certain two-sided a 
priory estimate holds with constants independent of the parameter A G C with |A| ^ 1. Such 
an estimate was obtained for the refined scale in [35, Theorem 7.2]. Regular elliptic boundary 
problems in positive one-sided scales of different normed spaces were studied in [1, 63, 64]. 

Now we study an increase in a local smoothness of an elliptic boundary problem solution. 
Let U be an open subset in R". We set flo :— U H ^ and Fq :— U H dD, (the case were 
To = is possible). Let us introduce the following local analogs of spaces of the refined scales: 

H^^^i^o, To) := {u e V'{n) :xue H'^'^^) V x e C°°m, suppx C U To}, 

Kci^o) := {h e V'idQ) :xhe //^'^(9Q) V x e C°°(9Q), suppx C To}. 
Here cr e R, </? G Al and, as usual, D'(Q) denotes the topological space of all distributions in 

Theorem 3.4. Let s > m + 1/2 and rj & A4. Suppose that the distribution u e H^''^{Q,) is a 
solution to the problem (3.1), (3.2), where 

f e H^-''^^'^no,ro) and G Kr^-'^'^''"(ro), j^l,...,q, 
for some e>0 and (p E M. Then u E i/f+^''^(Qo, Fq). 

Note that in the case where f2o = ^ and Tq = dVl we have the global smoothness increase 
(i.e. the increase in the whole closed domain fl). If Fq = 0, then we get an interior smoothness 
increase (in an open subset fig C Q). 

Theorems 3.4 and 1.1 (vi) imply the following sufficient condition for the solution u to be 
classical. 

Theorem 3.5. Let s > m + 1/2 and x ^ -M.. Suppose that the distribution u e H^'^{fl) is a 
solution to the problem (3.1), (3.2) in which 

f e KC'^'i^, 0) n //"^-2«+"/''^(Q), 

g, e ffm-m^+{n-l)/2,v(^gQ-^^ j = 1, . . . , g, 

and the function parameter ip E Ai satisfies condition (1.5). Then the solution u is classical, 

that isue c'^i{n)nC'^{Q). 

Theorems 3.4, 3.5 were proved in [35, Sec. 5, 6] (generally, for a non regular elliptic 
problem). The analog of Theorem 3.4 is valid for elliptic boundary problems for systems of 
partial differential equations [47]. In the Sobolev positive one-sided scale (s > 0, (/? = 1), a 
smoothness of solutions to elliptic boundary problems was investigated in [52, 10, 59], [9, Ch. 
3, Sec. 4] (see also [5, Sec. 2.4]). 
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4. SeMIHOMOGENEOUS elliptic PROBLEMS 

4.1. As we have mentioned, the results of Section 3 are not valid for s < m + 1/2 because 
the mapping (3.6) can not be extended to the bounded linear operator (3.7). But if the 
boundary problem (3.1), (3.2) is semihomogeneous (i.e., / = or all gj =0), it establishes 
a bounded and Fredholm operator in the two-sided refined scale (for all real s). We will 
consider separately the case of the homogeneous elliptic equation (3.1) and the case of the 
homogeneous boundary conditions (3.2). 

4.2. A boundary problem for a homogeneous elliptic equation. Let us consider the 
regular elliptic boundary problem (3.1), (3.2), provided that / = 0: 

Lu = on fl, BjU = Qj on dVL, j = 1, . . . ,q. (4.1) 

We will connect the following spaces with this problem: 

K^(n) -.^ {ueC°°{n) : Lu^O in Q}, 

K'jf{Q) := { w e H'^'^{Q) : = in O } 

for s G M, e A^. It follows from a continuity of the embedding i7^''^(n) ^ ViVl) that 
X2"^(fi) is a closed subspace in H'^''^{Q). We can consider K^'^lfl) as a Hilbert space with 
respect to the inner product in H'^''^{Q). 

Theorem 4.1. Let s e M and ip e M. The set K^{fl) is dense in the space K^'^{fl). The 
mapping 

Bu = {Biu,...,Bqu), ueK^{n), 
is extended by a continuity to the bounded linear operator 

B : K'£^{Q) H'-"'^-^'^^'^{dQ) =: ^,,^(90). (4.2) 
i=i 

This operator is a Fredholm one. Its kernel coincides with M , and its range is equal to the set 

q 

The index of the operator (4.2) is equal to dim A/" — dim^"*" where 

and does not depend on s, </?. 

Theorem 4.1 was proved in [38, Sec. 6]. In contrast to Theorem 3.1, the ellipticity condition 
is essential for the boundedness of the operator (4.2) in the case where s < m + 1/2. Note 
that dim^"*" < dimA/""*" where the strict inequality is possible that results from [21, Theorem 
13.6.15]. In the case where ^9 = 1 and s G M \ {-1/2,-3/2,-5/2,...} Theorem 4.1 is a 
consequence of the Lions-Magenes Theorems [27, Ch. 2, Sec. 6.6, 7.3] (see also [25, 26] and 
[28, Sec. 6.10, 6.12]). 
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4.3. An elliptic problem with homogeneous boundary conditions. Now we will con- 
sider the regular elliptic boundary problem (3.1), (3.2), provided that all gj = 0: 

Lu = f in fl, BjU = on dfl, j = 1, . . . ,q. (4.3) 

Let us introduce the function spaces in which the operator of the problem (4.3) acts. For 
the sake of brevity, we denote by (b.c.) the homogeneous boundary conditions in (4.3). In 
addition, we denote by (b.c.)"*" the homogeneous boundary conditions 

Bj'v = on dil, j = 1, . . . ,q. 

They correspond to the formally adjoint boundary problem (3.3), (3.4). We set 

C~(b.c.) := {u e C°°{U) : Bju ^ on V j = 

C°°(b.c.)+ ■.^{veC°°{U) : B+v^O on V j = !,...,?}. 
Let s e R and cp E M.. We define the Hilbert space H^''^'^^\Q) in the following way: 

H''^{n) for s > 0, 
Hfi'^iW) for s < 0. 



According to Theorem LI (iii), (vii), the spaces H^''^'^^\n) and H *'^/'^'(°)(r2) are mutually 
dual for every s G M with respect to the inner product in L2(f2). It also follows from Theorem 
1.1 (i), (ii) that the set C°°ln) is dense in the space H^''f'^^\n) for each s e M. Here we 
identify each function / G C°°{ft) with its extension by zero 

0/(x):=|^^^^ for X en, 

^ ^ [ for X e \ Q, ^ ^ 

which is a regular distribution in i7^'^(M") for s < 0. Now one may conclude that Theorem 
1.1 (iii), (iv) implies the continuous dense embedding 

Hsi,<puio)(^Q^ ^ jjs,vX0)(^Q^ for -oo<s<Si<oo, and^,^ieM. 

Finally, let us define the Hilbert spaces i/*''^(b.c.) and iJ*'''^(b.c.)+ of distributions satisfying 
the homogeneous boundary conditions. In the case where s ^ {rrij + 1/2 : j = 1, . . . ,q} we 
denote by H^''^{h.c.) the closure of C°°(b.c.) in the space H^''^'^^\Q). In the case where 
s G {nij + 1/2 : = 1, . . . , g} we define the space H^''^{h.c.) by means of the interpolation 
with the parameter i/j{t) — t^^'^: 

H''^{h.c.) := [//^-^/''^(b.c.),//^+^/''^(b.c.)]^i/2- (4.5) 

If we change (b.c.) for (b.c.)"*", and rrij for in the last two sentences, we give the definition 
of the space i7*''''(b.c.) + . Note that in the case where s G {nij + 1/2 : j = 1, . . . , g} the norms 
in the spaces H^''^{h.c.) and H^''^'^^\fl) are not equivalent. The analogous fact is true for 
//"'^(b.c.)+. 

Proposition 4.1. Let s > 0, s ^ rrij + 1/2 for all j — 1, ... , q, and </? G A4. Then 

H'''^{h.c.) ^{ue H'''^{Q) : BjU ^0 ondQ for allj^l,...,q such that s > rrij + 1/2}. 

Ifs< 1/2, then //^''^(b.c.) = i/^''^'W(Q). This proposition remains true if we change rrij for 
rrij , (b.c.) for (b.c.)"*", and Bj for Bj'. 
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Theorem 4.2. Let s G M and ip G M.. The mapping u ^ Lu, u G C°°(b.c.), is extended by 
a continuity to the bounded linear operator 

L : H^'^^ih-c.) {H^''-''^/'^{h.c.)+y. (4.6) 

Here the function Lu is interpreted as the functional {Lu, ■)ci, whereas (if^^~*'^/'^(b.c.)+)' 
denotes the antidual space to i72'?-*'i/¥'(b.c.)+ with respect to the inner product in ^2(^2). The 
operator (4.6) is a Fredholm one. Its kernel coincides with J\f , and its range is equal to the 
set 

{/G(i/^^-^'i/^(b.c.)+)': (/,t;)q = \J veM^]. 
The index of the operator (4.6) is equal to dim A/" — dimA/"^ a7id does not depend on s, (f. 

Theorem 4.2 was proved in [39, Sec. 5], provided that s 7^ j — 1/2 for each j = 1, . . . ,2q. 
For the rest values of s, the theorem is deduced by means of the interpolation formula (4.5). 
The analogs of Theorems 3.2-3.4 was obtained for the operator (4.6) as well (see also [32]). 
Theorem 4.2 specifies, with regard to the refined scale, the theorem of Berezansky, Krein and 
Roitberg on homeomorphisms realized by the elliptic operator L on the two-sided Sobolev 
scale [8], [9, Ch. 3, Sec. 6], [57, Sec. 5.5]. In the case of s < m-|-l/2 the ellipticity condition is 
essential for the boundedness of the operator (4.6). The interpolation space (4.5) was studied 
in the Sobolev case of </? = 1 in [16, 60] (see also [63, Sec. 4.3.3]). 

4.4. We note that the general nonhomogeneous boundary problem (3.1), (3.2) cannot be 
reduced to the semihomogeneous boundary problems in the lower part of the refined scale, 
namely for s < m + 1/2. Indeed, if s < —1/2, then solutions to these problems belong to 
the spaces of distributions of the different nature; solutions to the problem (4.1) belong to 
A'2 '^(Q) C H''''^{Q) being distributions defined in the open domain fl, whereas solutions to the 
problem (4.3) belong to H^''^(h.c.) C if^'^(]R") being distributions supported on the closed 

domain fl. If — 1/2 < s < m + 1/2, then solutions to the semihomogeneous problems are 
distributions defined in ft (see Theorem 1.1 (iii) in the case —1/2 < s < 0), but the operator 
(L, B) can not be correctly defined on K^'^{fl) U H^''^{h.c.) because of the inequality 

(ir^''^(Q) n H'''^{h.c.)) (4.7) 

Note also that in the case where s>m + l/2we have the equality of sets in (4.7). Hence 
the nonhomogeneous problem (3.1), (3.2) is reduced to the semihomogeneous problems (4.1) 
and (4.3); i.e.. Theorem 3.1 is equivalent to Theorems 4.1 and 4.2 taken together. 

5. Generic theorems for elliptic problems in two-sided scales 

In [55, 57, 58] Ya. A. Roitberg introduced a special modification of the Sobolev two-sided 
scale in which the operator of an elliptic boundary problem is boimded and a Fredholm one 
for every parameter s G M (see also [9, Ch. 3, Sec. 6], [5, Sec. 7.9]). This modification does 
not depend on coefficients of the elliptic differential expression but depends solely on the order 
of the expression. Therefore, the theorems on properties of elliptic problems in such modified 
scale is naturally to call generic (for the class of the problems having the same order). We 
will consider these theorems with regard to the refined scale. 

Let s G K, 1^ G M, and integer r > 0. We set Er := {k - 1/2 : k = 1, . . . ,r}. In the 
case where s G we denote by H^''^'^'^\fl) the completion of C°°(fi) with respect to the 
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Hilbert norm 

IKI|ffs.v,W(n) '■— ll'"llH''.¥'.(o)(n) + ^ I" ll//''-fe+i/2,¥'(9f2) j 

fe=i 

Here Dy := i djdv, with v being the unit vector of the inner normal to 9Q. In the case where 
s E Er we set 

The collection of separable Hilbert spaces 

{H'''^'^'-\Q):seR,veM} (5.1) 

is called the refined scale modified in the Roitberg sense. The number r is called the index of 
this modification. 

The scale (5.1) admits the following description. Let us denote by ,^ (r)(f2, dQ) the space 
of all vector-functions 

r 

{uo, Ml, ... , Ur) e if^'^'(°)(fi) © H'-''+^/^'^{dQ) (5.2) 

k=l 

such that Uk = (D^^^Uq) \ dfl for every integer k = l,...r satisfying the inequality s > 
k — 1/2. In view of Theorem 1.1 (viii), (r)(n, 90) is a Hilbert space with respect to the 
inner product in the space (5.2). 

Proposition 5.1. The mapping 

Tr-.u^ {u,u \ dVL,...,{Dl-^u) \dVL), u e C°°(n), 
is extended by a continuity to the bounded linear injective operator 

Tr : H''^'^'\n) ^ T,,^,(,)(Q, dn) (5.3) 
far all s eM. and ip E Ai. If s ^ Ej., then the operator (5.3) is an isometric isomorphism. 
Thus, we can interpret an element u E H^''^'^^\^l) as the vector- valued function 

(mo,Mi, ...,Ur):= TrU E Ts,^,(r){^,dn). (5.4) 
Note that in view of Theorem 1.1 (viii) 

||'w||ii-s,¥',('-)(n) ^ ll'"o||_H"'',v,(o)(n) = if s > r — 1/2. 

Therefore 

^^,v,(r)(^Q^ = H'^^{n) with equvivalence of norms if s > r - 1/2. (5.5) 

Theorem 5.1. Let s eM. and ip E M.. The mapping (3.6) is extended by a continuity to the 
bounded linear operator 

(L, B) : i/^'<^'(2«)(Q) ^ //^-29''^'(o)(Q) e i/^-"^^-V2,'^(9Q) ^. 'Hs,^,{Q){^, dQ). (5.6) 

i=i 

This operator is a Fredholm one. Its kernel coincides with H , and its range is equal to the set 
[if,gi,...,gg)Ens,^,(o)in,dn): if,v)a + Y,igj,C;v)9a = V veX^]. 

3=1 

The index of the operator (5.6) is equal to dim jV — dim jV+ and does not depend on s, ip. 
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This theorem is generic because the spaces in which the operator (5.6) acts are the same 
for all boundary problems of the common order (2g, mi, . . . ,mq). It follows from (5.5) that 
Theorem 5.1 coincides with Theorem 3.1 for s > 2q — 1/2. 

Using Proposition 5.1 we give the following interpretation of a solution u e H^''^'^^'^\Q) to 
the boundary problem (3.1), (3.2) in the sense of the distribution theory. Let us write down 
the differential expressions L and Bj in a neighborhood of dfl in the form 

2q mj 

L = Y,LkDl B, = J2Bj,,Dt. (5.7) 

fe=0 k=0 

Here and Bj k are certain tangent differential expression. Integrating by parts we arrive 
at the (special) Green formula 

2q 

{Lu,v)n = {u,L+v)n-iJ2 (^'"'«, ^^'Man, u,veC^{Tl). 

k=l 

Here L^^) := Dl-''L+, with L+ being the tangent differential expression formally adjoint 

to Lr- By passing to the limit and using the notation (5.4) we get the next equality for 
u e ii""'^'(2«)(f^): 

2q 

{Lu, v)a = {uo, L+v)a - i ^ («fe, L^^^v)9ii, veC^{Ti). (5.8) 

fc=i 

Now it follows from (5.7), (5.8) that the element u G H^''^'^'^'^\Vl) is a solution to the boundary 
problem (3.1), (3.2) with / G H''-'^'i'^'^^\Q), e H'-'^^-^/^'^{dQ) if and only if the following 
equalities hold true: 

2q 

(«o,^+^;)a-^5^ (Mfe,i^^'Man= (/,^^)n for all ^; G C°°(n), 

k=\ 

VTij 

^ Bj^k Uk+i = gj on dn, j = 1, . . . , q. 

k=0 

Theorem 5.1 was proved in [41, Sec. 5]. The analogs of Theorems 3.2-3.4 were obtained for 
the operator (5.6) as well. Theorem 5.1 specifies, with regard to the refined scale, the theorem 
of Ya. A. Roitberg on the Fredholm property of a regular elliptic boundary problem in the 
modified Sobolev scale (so-called theorem on a complete collections of homeomorphisms) [55], 
[57, Sec. 4.1, 5.3] (see also [9, Ch. 3, Sec. 6], [5, Sec. 7.9]). The analogs of Theorem 5.1 are 
also valid for nonregular elliptic boundary problems both for one and for system of partial 
differential equations. Note that the boundedness of the operator (5.6) holds true without 
the ellipticity assumption. Elliptic botmdary problems in the modified two-sided scales of 
difi'erent normed spaces were studied in [57] (the Sobolev L^-spaces) and in [50, 51] (non- 
Sobolev spaces). A certain classes of non-elliptic problems were investigated in the two-sided 
modified scales as well (see [58], [13] and the references therein). 
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6. Individual theorems for elliptic problems 

In the individual theorems, the domain of the operator (L, B) depends on coefficients of 
the elliptic expression L. Namely, we consider the operator 

q 

{L,B) : Dl:i;,{Q) ^ X{n) © H'-^^-'/''''^{da) =: XsA^^^Q). (6.1) 

Here s & M., ip ^ Ai, and X{fl) is a certain Hilbert space consisting of distributions in Q and 
satisfying the continuous embedding X(Q,) ^ T>'(Q,). The domain of the operator (6.1) is the 
Hilbert space 

D'£^AQ) := {ue H'''^{n) : LueX{n)} 
endowed with the graphics inner product 

(^i,'y)i3j,'5,(n) (u,v)H^,^{n) + (Lu,Lv)x{n)- 

In the case where s > m+1/2 we may set X{Q) := i?*~^^''^(r2) that leads us to Theorem 3.1. 
But in the case where s < m + 1/2 we cannot do so if we want to define the operator (L, B) 
on the non-modified refined scale. The space X{Q) must be narrower than //^^^''''^(Q). 

Let us formulate the conditions on X{fl) under which the operator (5.1) is bounded and 
has the Fredholm property for some s and (p. 

Condition 1. The set X°°(0) := X{n) nC^iQ) is dense in the space X{Q). 

Condition 2. There exists a number c > such that 

||C»/||^.-2,„(Kn) < c WfWxin) V / e x°°{n). 

We recall that the function Of is given by formula (4.4). It follows from the Conditions 1 
and 2 that the mapping / i— > Of, f e X°°{fl), is extended by continuity to the linear bounded 
operator 

O: x{n)^ Hfr^'^^'^iW). 

It satisfies the condition Of = f in Q; i.e., O is an operator extending a distribution from fl 
onto M". This implies the continuous embedding X{il) ^ H^~'^'^''^{^}). 

Theorem 6.1. Let s < 2q ~ 1/2, s + 1/2 ^ Z, and ip G Ai. We assume that a Hilbert space 
X(n) is continuously embedded into V(Q,) and satisfies Conditions 1, 2. Then the following 
assertions hold true: 

(i) The set Df^^i^) := e C°^{Vt) : Lu e X{Q) } is dense in the space D'£fAQ). 

(ii) The mapping (3.6), where u £ D^-^(Q), is extended by a continuity to the linear 
bounded operator (6.1). 

(iii) The operator (6.1) is a Fredholm one. Its kernel coincides with H , and its range is 
equal to the set 

q 

{(/, ^1, ■ ■ ■ , 9q) e dn) : (/, v)n + to' = V ^; e 

(iv) If the set 0{X°°[Q)) is dense in the space i7^~^*''*'(R"), then the index of the operator 
(6.1) is equal to dim jV — dim jV"^. 
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Conditions 1 and 2 allow us to vary the space X{Q) in a broad fashion. We especially note 
two possible options of X{Q). The first of them is the choice X{Q) := H'^''^{Vt) for arbitrary 
fixed parameters a > —1/2 and r] G A4. 

Theorem 6.2. Let s < 2q - 1/2, s+1/2 ^Z, a > -1/2, and (p,f] e M. The mapping (3.6) 
is extended by a continuity to the bounded and the Fredholm operator 

(L, B): {ue H'''^{n) : Lu e //'"'''(Q)} ^ H'''''{n) © H'-'^^-^/^''^(dn), (6.2) 
provided that its domain is endowed with the graphics norm 



\u 
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The index of the operator (6.2) is equal to dim A/"— dim A/"^ and does not depend on parameters 
s, a, (f, and r]. 

The case were a = and r] = 1, i.e. X{Q) := H'^'^lfl) = 1/2(0), is of great importance in 
the spectral theory of elliptic operators [17, 18, 30, 31]. 

The condition a > —1/2 is essential in Theorem 2, that does not allow us to consider the 
boundary problem (3.1), (3.2) for an arbitrary distribution / G V'{Q) supported on a compact 
subset in fl. Here the important example is f{x) := 6{x — Xq), where Xq e fl. The following 
construction of the space X{Q) has not this demerit. 

We consider the set of weight functions 

W^CH) ■= {peC°°{U) :p>0 in DIp = on dn V J = 0,...,/c}, 
where integer k > 0. 

Let s < 2q — 1/2, ip G Ai, and p G l^[2^_5_i/2]( ^ )• (^^ usual, [t] denotes the integral part 
of t.) We consider the space 

pH'-'ii,v^Q^ .-^f = fyu:ve i/*-2'''^(fi) } 
endowed with the inner product 

{flj pffs-2q,ip(^^y— {P flip jjs-2q,ip(^Qy 

The space X{D,) = pH^~'^^''^{Q) is Hilbert separable and satisfies Conditions 1, 2. 

Theorem 6.3. Lets < 2q-l/2, s+l/2 ^Z, ip e M, and p G y^^,j-,-i/2](^)- The mapping 
(3.6), where u G C°°{fl), Lu G pH'^~'^'^''^{Vt), is extended by a continuity to the bounded and 
the Fredholm operator 

1 

(L, B): {u^ //^'^(Q) : Lu G p//^-2«'^(Q)} ^ pH'-^i''^{n) © H'-'^i-^/^^'^{dn), (6.3) 

provided that its domain is endowed with the graphics norm 

( lkll/f=.¥'(n) + ll-^'*^llpi?''-29."P{n)) ^ ■ 

The index of the operator (6.3) is equal to dim A/"— dim A/"^ and does not depend on s, (p, and 
P- 
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As an example of p G y^^q-s-i/2]i^)^ chose every function p G C°°{fl) such that 

p is positive in Q and 

p(-) = (dist(-, dn)y in a neighborhood of dQ for 5 ^ [2q - s + 1/2]. (6.4) 

Theorems 6.1-6.3 were proved in [44, 43]. They are closely connected with the theorems 
of .J.-L. Lions and E. Magenes on a solvability of elliptic boundary problems in the two-sided 
Sobolev scale [25, 26, 27, 28]. A theorem similar to Theorem 6.1 were proved in [28, Sec. 
6.10] in the case of s < 0, (p = 1 and the Dirichlet boundary conditions. In this paper, certain 
different conditions depending on the problem under consideration were imposed on X{fl) 
(see also [27, Ch. 2, Sec. 6.2]). Theorem 6.2 was proved in [25, 26] in the important case 

= X = 1 and a = 0. Theorem 6.3 was proved in [27, Ch. 2, Sec. 6,7] in the case where 
9? = 1 and the weight function p satisfies the condition (6.4) with 6 = 2q — s. The similar 
questions were considered in [56, 24], [58, Sec. 1.3] for the modified Sobolev scale. We note 
that Theorems 6.2 and 6.3 are also true for half-integer values of s if we define the spaces 
with the help of the interpolation. 
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